Some balanced incomplete block designs  by Whiteman, A.L
PERGAMON 




Computers and Mathematics with Applications 39 (2000) 117-119 
www.elsevier.nl/locate/camwa 
Some Balanced Incomplete 
Block Designs 
A. L. WHITEMAN* 
Department of Mathematics 
University of Southern California 
Los Angeles, CA 90089-1113, U.S.A. 
Dedicated to Solomon Golomb on the occasion of his 60 th birthday 
Abst rac t - -New constructions for SBIBDs with parameters (v, k, A) = (45, 12, 3), (36, 15, 6), and 
(40, 13, 4) are given in this note. (~) 2000 Elsevier Science Ltd. All rights reserved. 
1. INTRODUCTION 
A symmetric balanced incomplete block design SBIBD with parameters v,k, A can be defined as 
a square (0, 1)-matrix of order v with k ls in each row and column and with the inner product 
of a pair of distinct rows equal to A. In Table I of the first edition of his book Combinatorial 
Theory, Hall [1] lists as unknown designs with parameters (v, k, A) = (36, 15, 6) and (45, 12, 3). 
Today many constructions for these designs are known. A survey by Kingsley and Stanton [2] 
summarizes known designs and presents partial isomorphism results. The constructions in the 
present note have the interesting feature of being closely interconnected. 
2. PREL IMINARY IDENTIT IES  
The constructions employ four symmetric (0, 1)-matrices No, N1, N2, N3 of order 9. The ma- 
trices are as follows: 
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These matrices may be regarded as circulant matrices of order 3 in which the entries themselves 
are square matrices of order 3. We shall require a number of identities. 
It may be verified by direct inspection that 
I + No + NI + N2 + N3 = J, (1) 
where I is the identity matrix of order 9 and d is a square matrix of order 9 with all entries equal 
to 1. The four matrices Ni are also interconnected by the interesting relation 
MiNi = Nk + Nl, (2) 
where the subscripts i, j, k, l constitute any permutation of the integers 0, 1, 2, 3. For example, 
NoN1 =Y2+N3. 
It follows from (1) and (2) that 
(I + Nj ) ( I  + Yk) = J, (j # k). (3) 
By squaring both sides of (1) and simplifying with the aid of (2), we deduce the identities 
(I + No) 2 + (I + N1) 2 + (I + g2) 2 + (I + N3) 2 = 9I + 3J  (4) 
and 
( J  - ( I  + No)) 2 + (I + N1) 2 + (I + N2) 2 + (I + N3) 2 = 9I + 6J. 
3. CONSTRUCTION OF A SBIBD 
WITH PARAMETERS (45,12,3) 
Put Mi 
(5) 
=I+N~ Let O denote a square matrix of order 9 in which each entry is zero. 
(i = 0, 1, 2, 3). We shall prove that the matrix 
A = 
M3 O Mo M~ M2 
M2 M3 O Mo M~ 
M1 M2 M3 O Mo 
is a SBIBD with parameters v -- 45, k -- 12, A -- 3. 
The number of ls in each of the nine rows (columns) of M~ (i = 0, 1, 2, 3) is three. Consequently, 
the number of ls in each of the 45 rows (columns) of A is 12. 
Let AA -r be partitioned into square blocks of order 9 in the same way as A. The identity in (4) 
implies that the entry in each diagonal block of AA -r is 9I + 3J. In view of (3), the entry in each 
off-diagonal block of AA r is 3J. It follows that the inner product of any two of the 45 rows of A 
is equal to 3. 
The proof that A is a SBIBD with parameters (45,12,3) is thus complete. 
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4. CONSTRUCTION OF A SBIBD 
WITH PARAMETERS (36,15,6) 
We shall prove that the matrix 
119 
B = 
J -M0  M1 M2 M3 
Mz J - M0 M1 M2 
M2 M3 J - M0 M1 
M~ M3 M2 J -M0 
is a SBIBD with parameters v -- 36, k = 15, A = 6. 
The number of Is in each of the 36 rows (columns) of B is 15. 
Let BB T be partitioned into square blocks of order 9 in the same way as B. The identity 
in (5) implies that the entry in each diagonal block of BB T is 9I + 6J. In view of (3), the entry 
in each off-diagonal block of BB -r reduces to 6J. Therefore, the inner product of any two of the 
36 rows of B is equal to 6. 
This completes the proof that B is a SBIBD with parameters v = 36, k - 15, A = 6. 
5. CONSTRUCTION OF A SB IBD 
WITH PARAMETERS (40,13,4) 
The identities in Section 2 provide us with a nice bonus. In the following configuration: 
M3 Mo M1 
M2 M3 M0 




each Bi (i = 0, 1, 2, 3) has nine rows and four columns. The elements in the ith column of B~ are 
all ls and the remaining elements are all 0s. J is a square matrix of order 4 with all entries equal 
to 1. 
We conclude with an exercise for the reader. Verify that the configuration above is a SBIBD 
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